Inverted pendulum is a non-linear, multivariable and unstable device, a model predictive control (MPC) performance evaluation and tuning method for inverted pendulum device is proposed. MPC was designed to control the inverted pendulum device, and the minimum variance covariance constrained control (MVC 3 ) was applied to evaluate the performance of the MPC controller and tune its parameters. The application results to a single inverted pendulum device have verified the feasibility and effectiveness of the proposed method. ; 1 0.9803 MVC arh J J η = = ; 3 2 2 0.7551 MVC arh J J η = = ; 3 3 3 0.9143 MVC arh J J η = = , where, 1 2 3 , , arh arh arh J J J denote
I. INTRODUCTION
Inverted pendulum is a non-linear, strongly coupled, multivariable and unstable system. Because it can effectively reflect a lot of key control problems, such as the stabilization, robustness, tracking performance, many control theories and control methods can be verified with the inverted pendulum experiment. Google Technology LTD [1] designed its LQR controller. D. Chatterjee et al. [2] described the swing-up and stabilization with a restricted cart track length and restricted control force using generalized energy control methods. M. Bugeja [3] presented a swing-up and stabilizing controller on inverted pendulum non-linear model. S.Y. Zhang [4] and Y. Fan et al. [5] designed the fuzzy controllers for inverted pendulum. L.X. Deng [6] designed a controller based on back stepping for inverted pendulum.
Model Predictive Controllers (MPC) was proposed by J. Richalet et al. in 1978[7] . It is a model-based optimal control strategy [8] . Its ability to incorporate meaningful limits on manipulative as well as control variables has allowed the industry to move away from traditional regulation-type control and focus on the economics of operating point selection [9] . Model predictive control has been widely applied to process control [10] . On the other hand, it is noted that less effort has been made on the performance monitoring of MPC applications, while the performance monitoring of conventional controllers has been well studied such as in Harris (1989) [11] , Harris, Boudreau, and Macgregor (1996) [12] , Huang, Shah, and Kwok (1997) [13] , Huang and Shah (1999) [14] , Jelali (2005) [15] , [16] [17] , Xu, Lee, and Huang (2006) [18] , Salsbury (2007) [19] and Bauer and Craig (2008) [20] .
The Minimum Variance Covariance Constrained Control (MVC 3 ) principle was proposed by R.E. Skelton et al. [21] as the solution of linear feedback control problem. For multivariable systems, D.J. Chmielewski* et al. [22] solved it with LQR method. In this work, the model predictive control (MPC) performance evaluation and tuning system has been developed by extended MVC 3 and applied to a single inverted pendulum device. The application results have verified the feasibility and effectiveness of the developed system.
II. THE MATHEMATIC MODEL OF LINEAR SINGLE INVERTED PENDULUM
The linear single inverted pendulum can be described as a system composed of a cart and a homogeneous rod without air resistance and all kinds of frictions, as is illustrated in Fig. 1 . Where, M , m , x , F , l , θ ,denote cart weight, rod weight, cart level displacement, force on cart, the length from the axis of the rod angle to the center of rod mass, the angle of the rod from the vertical upward direction respectively.
A. State Space Model of Linear Single Inverted Pendulum
The method of this work is based on linear constant state space model as:
x Ax Bu y Cx Du
The mathematical model of single inverted pendulum can be obtained by mechanism analysis [1] , shown in (2) 
B. Controllability & Observability Analysis of Single Inverted Pendulum
The controllability and observability of a system is prerequisite for analysis and controller design. Here, obtained and then rank criterion was employed to analysis its controllability and observability. It has been proved that the system as (2) has both controllability and observability.
C. Stability Analysis of Single Inverted Pendulum
The extended MVC 3 performance evolution and MPC tuning system is based on the stabilization system. Hence, Stability analysis is necessary. The poles of the inverted pendulum as (2) are ( )
positive real root appears. It shows that the system as (2) is instable and this requires a stabilizer before designing a MPC controller for the generalized controlled system [23] .
III. MPC PERFORMANCE EVOLUTION AND TUNING METHODE BASED ON EXTENDED MVC 3

A. Introductions of LMI and Lemmas
• About LMI: Assume a linear matrix inequality (LMI) can be stated as:
x constitutes a convex set, LMI can be solved using the method of convex optimization problem [24] . 1) Feasible solution of LMI:
If there exists x makes, ( ) 0 F x < , established, then the LMI is feasible [24] .This can be expressed using the following formulation:
2) Minimization problem of LMI:
The problem can be stated as a optimality problem that minimize the largest eigenvalue, λ , of the matrix
Another expression is as:
where, T c x is object function. • Lemmas: Consider a linear time-invariant state-space system:
where,
are state variable, manipulative variable and control output variable respectively, A , B , C and E are process model matrix, ( ) k w denotes stationary, Gaussian noise with zero mean and covariance as ∑ w .
State feedback controller can be expressed as:
Then, the closed-loop system can be written as:
Lemma1: LMI of MVC 3 [22] : 
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The following three conditions are equivalent: 
B. Extended MVC 3 Problem and Its LMI Solution
In this work, constraints on manipulative variables were included in the MVC 3 scheme. The extended MVC 3 can be described as:
, 1...
The main design target of the extended MVC 3 is obtaining linear feedback gain K to make object function (6) minimum, additionally, to make the steady-state control outputs and the covariance of manipulative variables satisfy a set of bounds respectively. The above problem can be converted to a convex form of LMI as follows.
Then,
is the extended MVC 3 linear feedback controller of system (2), satisfying covariance constraints. Proof: If the closed-loop system (2) is stable, the steady state covariance matrix can be expressed
, and x ∑ satisfies (7) . From the definition of covariance, it is easily to get the expression
∃∑ < , Makes the state covariance constraint (7) is equivalent to LMI (13) . Let , 1,
Then:
Then, minimizing the function 
C. Performance Evolution Based on Extended MVC 3
For closed-loop system (5) According to optimization objective function:
can ensure J be minimized too. Object function can be rewritten as 3 1 1 (17) can be obtained as the same as LMI of advanced MVC 3 . The MVC 3 benchmark curve is the lower limit of the controller performance. That is, all linear controllers can only be located in operating area above the curve. Comparing actual run-time steady state outputs and manipulated variables covariance with the MVC 3 benchmark cure, closer distance means better performance.
In practice, a benchmark 
D. Extended MVC 3 and Infinite Horizon MPC
• Solution of infinite horizon MPC For linear system, solving infinite horizon MPC is equivalent to solving the LQR control problem as follows,
s.t. 
• LQG control problem LQG control problem can be described as:
where feedback controller can be solved by • Extended MVC 3 control problem without constraints Extended MVC 3 control problem can be described as:
The goal is to get a feedback gain matrix K by minimize the objective function
Assumption 2.The pairs ( , )
A B and ( , ) A Q is stabilizable and detectable, respectively. Assumption 3.The pair ( , )
is controllable. Let hypotheses 1-3 hold; then the solution to of MVC 3 problem as (21) is coincident with the solution of infinite horizon MPC as (19) . Hypotheses 1-2 indicate that the solutions of problems (19) and (20) are unique and stabilizing. Hypotheses 1-3 ensure that the solution of problem (21) is unique and stabilizing. From the construction of problem (20) , it is equivalent to problem (21), in the sense that the linear feedback generated by (21) is the solution to problem (20) . Finally, certainty equivalence between problems (20) and (19) completes the proof. Theorem 2: Let hypotheses 1-3 hold; then the solution of K * , to problem (12)-(17) is coincident with the solution of appropriate weighted infinite horizon MPC problem (19) . Proof. Problem (6)-(11) can be exactly restated as the existence of Lagrange multiplier, j i γ λ , , s.t. , 0, , 1
If rewrite the minimization objective function as: , 0, , 1 Because of the variance constraints (16) and (17), MVC 3 problem cannot be equivalent to the infinite horizon MPC problem (19) . Theorem 2 shows that introducing variance constraints to MVC 3 problem (21), is exactly the reason to adjust the MPC controller weight matrix, Q , R .
Theorem 2 guarantees that the MVC 3 problem would generate a linear feedback ( , ) 
E. LQR Inverse-Optimal Control and Its LMI Method
LQR inverse-optimal control can be described as: 
where, (31) ensures that ( , ) A Q is detectable. As (29) cannot be converted to the LMI form, it can be constructed as, . When the MPC controller is put into operation, extended MVC 3 performance evaluation criteria is used to monitor controller performance. If the performance evolution indexη is below the thresholdψ , weighted parameter R can be updated with extended MVC 3 to improve the robustness of the controlled system. The block diagram of MPC tuning is shown in Fig. 2 . ( )
The feedback gain is obtained as:
( ) 17 .4150 13.0612 60.9383 11.0204 K = − − .
(33)
The generalized system matrix after stabilization is as follows: 
(34)
The following MPC controller performance evaluation, tuning system based on extended MVC 3 was built on the stabilized generalized system (34).
• Discretization Since the derivation of the above extended MVC 3 algorithm is based on discrete state space model (3), discretization of system (34) and constructing a suitable noise are needed. Use command sys=c2d(A,B,Ts) in Matlab, here 1 Ts s = , and consider the noise to be stationary, Gaussian White-noise processes, the following system can be obtained as: 
x k • Simulation of MPC controller MPC controlled system in the Simulink was shown in Fig. 4 , where, parameter of Acker block was set to stabilizer feedback gain. Weighted matrixes of MPC block were set the parameters calculated by the nominal model. Fig. 5 , where, u denotes manipulative variable, which is cart angular velocity. angle, pos denote outputs, they are pendulum angle and cart position.
The maximum deviation of MPC controller and LQR controller are shown in Table I and comparison bar chart is shown in Fig. 6 . Obviously, due to the introduction of steady state manipulative variable and outputs covariance constraint, MPC controller can make the maximum deviation significantly reduced than LQR controller, which greatly improved the system dynamic performance.
B. Simulation of MPC Controller Tuning
• Simulation of MPC controller tuning MPC controller tuning dynamic curves was obtained by replace original weight matrix Q , R of MPC controller with mismatched and Controller-tuned parameters, shown in Fig. 7 , where, the legend (good, bad and tuned) means controller running under, nominal model, mismatch model and MPC controller tuned.
Through curves, if using original controller parameters to control mismatch model, it would lead an increase on manipulative variable and outputs deviation. After adjusting controller parameters by controller tuning system, the deviation reduced to some extent. This proves the feasible of MPC controller tuning algorithm.
• Extended MVC 3 performance evaluation method The extended MVC 3 performance evaluation curve is shown in Fig. 8 . 
VI. ACTUAL CONTROL ON THE DEVICE
A. Construct MPC Controller
The photo of single inverted pendulum device provided by Googol Technology LTD is shown in Fig.10 .
MPC controlled system was constructed on Matlab real-time control platform provided by Googol Technology LTD shown in Fig. 11 . Parameters of k_acker block was set to stabilizer feedback gain and weight matrixes , Q R of MPC controller was set to which calculated from nominal model. Run-time curves were shown in Fig.12 .
Obviously, under the permission of variance constraints, MPC controller can reach steady state in a short period of time.
B. Tuning Process
Run the MPC controller tuning system, and preprocess manipulated variable u by limiting filter, the effect curves can be shown in Fig. 13 . Bar charts shows MPC controller performance has been restored and the tuning system is feasible.
VII. CONCLUSION
In this work, an extended MVC 3 method and its LMI solution were applied to infinite MPC controller performance evaluation and parameters tuning system. Using extended MVC 3 principle to monitor controlled system, if controller performance declined is detected, it can be improved by resetting MPC weighted matrixes with controller tuning algorithm. Simulation and device operation on single inverted pendulum device provided by Googol Technology LTD reaffirm the correctness of this system. Also, the introduction of LMI solution makes 
